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Abstract 

Expansions  or  'addition  theorems'  for  the  ftinctions  of  the 
paraboloid  of  revolution  have  been  obtained  in  terras  of  the  functions 
of  the  paraboloid  of  revolution  with  reference  to  a  new  coordinate 
system  which  differs  from  the  original  one  by  a  translation  or  a  rota- 
tion. 
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!♦  Introduction 

The  wave  equation 
^U  +  k^  -  0 
admits  solutions  of  the  foim 

if  the  coordinate  system  is  such  that  separation  of  variables  is  possible. 
4,  7]  and  0  are  the  three  independent  variables,  and  x  and  [i  represent  arbitrary 
complex  parameters.  In  general  U   will  not  be  reguJ.ar  and  one-valued  over  the 
whole  space,  but  will  be  so  for  special  values  of  X-  and  \l.     Let  K^ t  V    and  0'  be 
functions  of  4,  11 ,  and  ^  resvilting  from  a  translation  or  rotation  of  the  coor- 
dinate system;  then  a  relation  which  expresses  U   (C  ,  V)  ,  )d')as  a  summation  of 
teiTOs  of  the  form  U   (Cri,)!))  is  called  an  addition  theorem. 

Addition  theorems  for  cylindrical  and  spherical  coordinate  systems  are 
well  known.  These  are  the  addition  theorems  for  Bessel  and  Hankel  functions, 
Legendre  polynomials,  spherical  harmonics,  Mathieu  functions  and  spheroidal 
wave  functions  ( see  Meixner  and  Schafke  *-  '■'  and  Erdelyi '--'). 

It  is  proposed  to  derive  such  addition  theorems  for  those  functions  of 
the  paraboloid  of  revolution  which  are   regular  and  one-valued  in  the  whole  space. 
As  will  be  seen  subsequently,  these  restrictions  are  not  always  necessary.  That 
such  theorems  should  exist  can  be  inferred  from  the  invariance  of  ^U  under  rotations 
and  translations  of  the  space,  and  from  the  fact  that  the  family  of  solutions  that 
are  everywhere  regular  and  one-valued  will  be  mapped  onto  itself  by  motions  of  space* 

It  is  possible  to  derive  several  of  these  theorems  by  using  known 
addition  theorems.  For  example,  it  is  possible  to  derive  linear  relations 
between  the  functions  of  the  paraboloid  of  revolution  and  spherical  harmonics. 
Since  an  addition  theorem  under  a  rotation  of  coordinates  is  known  for  the  latter 
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functions,  it  is  possible  to  derive  one  for  the  functions  of  the  paraboloid 
of  revolution. 

2*     The  functions  of  the  paraboloid  of  revolution 

The  introduction  of  the  parabolic  coordinates 


X  »  2  y^   cos  0 
y  -  2  yr^  sin  (2^ 


into  the  wave  equation 


^U  +  k^U  «  0 


leads  to  the  equation 


The  application  of  the  method  of  separation  of  variables  then  leads  to  the 
three  oitlinary  differential  equations 

d2f.(0)     « 
d(2f2         3 

where  x  and  p,  are  arbitrary  complex  parameters.  In  the  notation  of  Buchholz '^-' , 
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the  two  linearly  independent  solutions  of  the  first  of  these  are 

{^Zm,t^^   e^  ^^   (  ^  -X  ;  1+n;  -2ikC)  ^ 


fj^U)  -  tt^J  (-2ik4) 


T*here  the  Ktuniner  function  is  defined  as  usual,  i.e.. 


(a)j^  -  a(a+l)  ...  (a+nr-l) 


(a)o  -  1» 


and 


f^a)     -    ii^(-2Uce) 


n 
sin  n|x 


X 


m,r  (-2iJ£e) 


mj  (-2ik«) 


r  (^  -x) '   r  (^i^  -X  ) 


In  case  n  is  an  integer,  w^  (-2ik^)  must  be  derived  by  a  llinit  process  from 
the  above  definition.  Similarly  the  two  linearly  independent  solutions  of 
the  second  differential  equation  are  given  by 


fgC^)  -  aJJ  (21k??) 


(2ik^)^'/2  «"^^V  ^  ""   '  '^*^'   ^^'^^ 


r  (1*H) 


and 


^3(7) 


1^(21*-^) 


n 

m;;^(  21*12) 

ri^-x) 

m;;^(2ik7) 

r  (^  -  x)  J 

sin  n|x 

When  ^i  is  an  integer  the  function  m^(z)  is  regular  and  single-valued  over 
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the  entire  space;  w^(z)  in  general  is  neither  single-valued  nor  regular. 


The  generating  function  for  the  function 


_Q_t|(P)     .     r  (l^"^^^)    ^\^^  (.2ikU  vi^  (21102)  e-^  n  -  0,1,2,. 


can  be  derived  in  the  following  manner.  From  the  integral  representation  for 
the  KuBiraer  function  (of.  Magnus  and  Oberhettinger'-  ■' ) 


(0+) 


^     du 


u  ^  Jco 


and  from  the  series  e3q)ansion  for  the  Bessel  function  it  follows  that 


o(^'*)  -f:-QU(p)(-t)' 


(0+)  (0+)  

f   r   e"^''*^^  J  (2  y=?i^)   J  (2  y^iJPtp)   J  (2  /5n)  dudv. 


The  symbol  G  (P,t)  denotes  the  generating  function  of  the  product 


^j(P)  .  LlS^j^^^i-i^Ji     (2^^) 


e-^ 


evaluated  at  the  point  P,  whose  coordinates  are  Kt  Vt   and  (ji»     Repeated 
application  of  the  integral  (cf,  Watson '-  -') 


-  5- 


-iini 
sin  n^      2ni 


(0+) 


ij     r      e-\(2  y^)  J  (2  •b5)du    -    e"^^""^^!  (2  /3b) 


yields 


Theorem  1;     For  |t|  <  1  and  |i  /  -1,  -2,   ..«   , 


00  ^  exp 

(1)        G    (P,t)      -     Z     O-n    (-t)         »     ■ 

^^  n-0         ° 


t^^  (1+t) 


The  derivation  of  G  (P,t)  required  that  \i  not  be  an  integer,  but  as 
can  be  seen  from  the  result,  it  holds  for  positive  integers  as  well.  The  case 
where  p.  is  a  negative  integer  must  be  treated  with  some  care.  From  the  limit 
relationship '--'-' 


^J^<,lJt(-2^>"^.W2l^T 


nl 


(n-m)j 


n-K=jLi       n+J^    ( 


0, 


n  <m 


it  follows  that 


L    Q  (P,t)  -  (-t^G  (P,t)e*2^  . 


That  the  series  for  G  (P,t)  converges  for  |t|  <  1  can  be  seen  from  the  asymptotic 


f  onnula ' 


<M 


/  —     I.-^''^   COS    (2  ^  -  IS  -  5  )  1x1    *  CD. 


A  relationship  between  the  spherical  wave  functions  and  the  parabolic 
functions  can  now  be  established.     The  Fourier  expansions  of  a  plane  wave  in 
cylindrical  and  spherical  coordinates  respectively  are*-  -' 
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exp  (ikfz  cos  T  +  p  cos  0  sin  yI)  -  ^    i\  J  (kp  sin  T)e^^  °°°  ^  cos  n^, 
^  ->/      -^        mm 


ikr  cos  Y 

6 


/i?  ^  (2n.l)  i"  Vi/2(kr)  P„(cos  y), 
cos  Y  "  cos  ©  cos  T  +  sin  9  sin  Y  cos  0, 
P„(cos  r)  -ILjJ^^^  (cos  9)1^  (003  T)  CO,  ^. 
Comparison  of  coefficients  of  cos  m^  leads  to 


exp  (ikz  cos  T)  J  (kp  sin  Y)  -  T  i^-'^Can+l)  i^U  j"  (kr)l^(cos  9)1^  (cos  Y), 


.^v-K  «-Lu  .,  ^  X   X   ,^xxxx,  .^^5:jjjT  Jn^'^'^^V 


where  y— 


If  we  substitute  i^-r  for  cos  Y  here,  intjroduce  parabolic  coordinates,  and  then 

use  Theorem  1,  we  obtain  an  expression  for  G  (P,t)  in  terms  of  spherical 

hazmonlcs : 

pffl  /'1-t  \    -iii0 
(2)   G^(P,t)  -  Z  i""^  (2n+l)  1^  0  (kr)I^  (cos  9)  —^i^^^^ ' 

r  -  C  +  '>; ,        COS  9  =  g  ^  J-  . 

The  right-hand  side  of  (2)  can  be  expanded  into  a  power  series  in  t  by  using 
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The  left-hand  side  of  (2)  has  been  defined  as  a  power  series  in  t  by 
equation  (1),  Comparing  coefficients  of  equal  powers  of  t  in  this  series 
leads  to 

Hg  (P)  -  Z  a(n>in,s)  jjkr)  ^   (cos  »)  e"^  , 

(3) 


a(n,m,3)  -  —^^ ^ (m+l)(^j  (g-rjj  ri ,  m  -  0,1,2,...  . 

That  the  above  series  converges  everywhei^  follows  from  the  fact  that  a(njm,s)l^(coa&) 
behaves  like  a  power  of  n  for  large  n,  but  j  (kr)  is  0(— j.). 

In  order  to  find  the  inverse  to  the  above  relationship,  the  variable  t 

w 
is  replaced  by  y--  in  (2).     From  the  resulting  power  series  expansion  it  now 

follows  that 

1^   (-)     (^-3)i   (m^sJi  ^^s  ^^^  '^^^^  ^  ^2n+^^  T15OT  b(n;m,/)j^(kr) 


^^^  .  I^  (cos  e)  e-^, 

b(n;m,/)  -  \^Z%\   *     "1  =  0»  1>  2,   ... 
The  following  vectors  sind  matrices  can  now  be  defined: 
^  15)  (^-s)l   (in+s)j         ^ 


A(m) 
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, (m)   . n+m 


(iwn)l 


^r  ■  '■"^  (2"*!'  T^  ^n  <'''•'  ^r,  (-»  »>  » 


-±00   , 


B(m) 


P„(m) 


C(in)  - 


b(jn+ljin,0) 
b(m+ljm,l) 
O 


b(m+?}m,0) 
b(m+2jra,l) 
b(m+2jm,2) 


With  this  notation  the  system  of  equations  represented  by  (U)  can  be  written  as 


(5) 


A(m)  -  C(m)  B(m), 


m  »  0,1,  ... 


In  order  to  express  the  spherical  functions  in  terms  of  parabolic  functions  it  is 
necessary  to  invert  the  system  (5).  The  inverse  of  the  matrix  C(m)  is  given  by 

Y(mjm,0)  YCmjnijl)  Y(>'ijm,2)  ••< 
0  Y(ni+?.jm,l)  Y(ni+l}iii»2)  ... 
0  0         Y(n»+2jm,2) 


C"^(m) 


where 


(_)n4-m4i  ^g^3^) 
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To  prove  the  assertion  that  this  matrix  is  really  the  inverse  of  C(m),  it 

imist  be  shown  that 

k 

X  Y(m+j}m,i)  b(m+kjin,i)  ■  6..  . 

We  have 

4-  f  ^*      4^v/  I,   4\    4-  L-)^*^   (2m+2j+l)(2m+k+i)l 
g^  YU*3jm,i)b(m>k;ni,i)  -  ^^     (i-j)i  (&nl%^lj]  (k-ij] 


(kijjifs^lsj)!  2F^(3-k,2m.k.Mj2m.2j*2jl) 

(2m^k^.l)l       r(2m^2j^2)r(l)  ,  °'  ^"^"^ 
Ck-j;U2m+2j;j   P(2m.k^j.2)r(l+j-k)  1,  k-j. 


Use  of  the  inverse  matrix  allows  one  to  write 


(6)  j„(..) Aoo.  e).-^  -  (^1   (Cfei^ll)i  1  (-''TFife).n:<^' 


-n-m  vj-"— /..-■"■o--/.  ■^;^ 


One  can  now  state 


Theorem  2i     For  m  -  0,  1,  2,  ..«   , 

CO 

z 

n-m 


nl  (P)  -    Z  a(njm,8)j^(kr)  fJ  (cos  »)  e"^  , 


,           ^        i'^(2n^l)    4-    ^"^  ("^-")(r)("^'"^l\r)^^"^^\s>r)  > 
a<.njm,3;  «»    — i >      

^  f3D  (m+l)(^j(3.r)l  rj 

,^(kr)l^,(cos  9)e-W  -  {^  |:^  (j!Zte]!i;>  ^J'^'  T^=i^^^l^-^' 

It  is  not  permissible  to  interchange  the  two  summations  in  (6)  because  the 
coefficient  of  the  inner  summation  is  0(-r).  Although  the  series  does  not 
converge  absolutely  it  can  be  shown  to  converge  conditionally.  The  inverse 


-  ID  - 


[21 
Laplace  transform  of  the  Kuramer  function  is  given  by*-  •* 

F  (   ^.l.m:  2ikE)  .  "^(-2^)"^     f  M'^'^^^^  '  l^'' ] 


dz 


where  C  is  a  circle  enclosing  the  origin  and  z  •=  1.  If  _0.     (?)   is  expressed 

s 

in  terms  of  KTinmer  functions,  then  (6)  can  be  rewritten  as 

J„(kr)l^(cos  e)e  ^  ^:g^  ,^^j-5^  (j_^j,   (m*n*j*l)l 


^2ik(^Ji-Cz)   r  3_    -,3 


{2n±fJ^J^       (tSC)"^^ 


dz  (Si  . 


hz-k] 


On  sufficiently  large  circles  the  quantity  **  "*"  7"  "  jJ?  becomes  sufficiently 
small  so  that  an  interchange  of  summation  and  integrations  is  permissible  and 
the  series  converges*     One  then  obtains  the  double  integral 


j  (kr)F"(cos  e)e      "^  -  I'u =n 

°         "  ^^^     (2k  /Tn)"^^  (2n+l)l 


r 


g2ikq^-Cz) 


(2ni)''  JcJ 


C         (^z) 


I  *  i  -  y   2^i("*^'^^^»2d.2,  I  +  I  -  ^  )d2  di. 


As  consequences  of  Theorem  2  and  the  integral  relations'-  -* 


I   ^  (cos  9)  I^.  (cos  e)  sin  e  d^  -  x^iifjf^  6„^^, 


/  fl^  (cos  &)Y^  ,   ^ 

Jji J__  .   (rrtn)i 

jo     sin  &        n\»-ni)i 


one  can  state 
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Corollary  It 


j^^n  ;(P)Fj(oo,  e)sln  9  d9  .  .(„,n„,.)3jta.)^5|ig^ 


e 


-W 


_Q";(P)fJ(cos  ft)  d©    CO 


^  iZ,^^^Vcosft;<^   ^  ^^  (^^)^ 


Jo  "^  IWB 


3«  The  addition  theorem  resulting  from  a  translation  of  the  axes  along  the 
axis  of  symmetry 

Since  z  is  the  axis  of  symmetry  one  can  introduce  the  translated 
cooirdinates 

X'  ■  X 

y'  -  y 

z-  -  z  -  C^  . 

It  follows  from  Theorem  1  that 

«p[ikzt|L    (^)e-*^        r      Itl       . 


In  particular,  for  M-  «  '^  «  0,  4  ■  S^  Theorem  1  yields 


-r^  -0, 
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K  ^]  -  (l-^')  1  -^1/2  (-211«o«-*'"  • 


Using  this  expression  in  (7),  expanding  and  multiplying  the  power  series  in 
t  and  comparing  coefficients  leads  to 
Theorem  3: 

H  /  -1,  -2,  ,,. 
n  «  0,  1,  2f   •••  • 

The  case  where  n  is  a  r^gative  integer  can  be  handled  as  a  limiting  case  of 
Theorem  3,  By  diffei«ntiating  both  sides  with  respect  to  E,^   at  ^^  -  0  one 
obtains 

Corollary  2t 

In  particular  for  '^  «•  0  one  obtains  from  the  above 


It  is  possible  to  define  a  rector 
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and  a  matrix 


T^,) 


where 


V^^(P)  - 


hi 
*21 


0 
0 

^2 


a 


r^ 


-  [vi/2.j(-2i^o)  *  ViA-j^-^^o^^V^'^], 


n>d 


0, 


n<  J, 


such  that  Theorem  3  can  be  restated  as 


TheoroB  3*1    v'^(P)  -  T(E  )Ap*) 


11  /  -1,  -2,  -3,  ...  . 


U,  The  addition  theorem  resulting  from  a  translation  of  axes  perpeDdicular 
to  the  axis  of  symmetry 

The  translation  can  be  assxaned  to  be  in  the  x-direction  without  loss 
of  generality.  Introducing  the  new  coordinates 


-  lii- 

X  •»  x'  -  6,      y  ■  yS      z  «•  z', 

R  -  /  p^  +  6^  -  2p6  cos  i^'      , 


,t.  -10* 


e 


2i((2(  -  0  )  „  p  -  £  e' 


p  -  5  e^ 


P  -  (x,y,z), 
P'  -  (x«,y',z'), 
one  obtains  fixoi  Theorem  1 

^  t^'^  (1  +  t) 

Under  the  condition  p  >  6  one  can  take  advantage  of  the  addition  theorem  for 
the  Bessel  functions 

J  (kR)e-^  -  Y_    yk6)  J   (kr)  ^'^^^^^^' 

—00 

and  obtain  ^         , 

(8)  „     /      s 

■  ^^n  (t#-)  *"^'  Vn  (^'.*'       .  /  t  1.  t  2.  ...  . 

The  case  where  |j,  is  an  integer  must  be  handled  as  a  limiting  case.  To 
determine  the  addition  theorem  one  must  expand  both  sides  in  powers  of  t  and 
COTipare  coefficients.  Using 


.15- 


(k6)2^"^^°  (-)^(2s-2r+n) 


■ '    '     ' ATI 


i^  (s-r)J  ri  (n  +  3  -  r)j 


one  obtains 

Theorem  U: 


s         8  ^^..^_  00 


for  Hf±l,  +  2,  ..♦,       For  tt  ■  m^  with  m  a  positive  integer. 

For  p,  »  -m 

n      -^     n—n 

■  0,  n  <  m  . 

Another  method  by  which  such  addition  theorems  can  be  derived  is  to 
take  advantage  of  a  theorem  by  Friedman'-  ^,   which  is  an  addition  theorem  for 
spherical  harmonics  under  translations  of  the  coordinate  system.  This  theorem 
in  combination  with  Theorem  2  will  yield  an  addition  theoran,  but  in  a  very 
cumbersome  form.  Conversely  the  theorem  for  spherical  harmonics  could  be 
derived  by  using  Theorems  2  and  U» 

A  similar  plan  will  be  used  in  the  next  section.  The  addition 
theorem  for  spherical  harmonics  under  rotations  of  the  coordinate  system  in 
combination  with  Theorem  2  yields  the  corresponding  theoreoi  for  parabolic 
functions. 
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5,  Ihe  addition  theorem  resulting  from  a  rotation  of  coordinates 

Since  a  rotation  about  the  axis  of  symmetry,  namely  the  z-axis,  yields 
trivial  results,  a  rotation  about  the  y-axis  will  be  used  without  loss  of  generality, 
L«t 

z  ■  z'  cos  T  -  X'  sin  T 
(9)         X  »  X'  cos  T  +  z'  sin  1 
y  -  y«  . 

Under  this  rotation  the  following  addition  theorem  holds  for  the  spherical 

[21 
harmonics "-  -' : 

where 
*2n 


S^'^MT)  -  (-)'*'"'  (    j  (cos  |)    (i  sin  |)   2F^(-n-/,n-i+l}lHa-i,cos2  |) 


for  m  +  £  <  0,  and 

gntm,w^X(Y)  -  -/''^"Vcos  |rt-i  sin  f)^""  gV  J^-n,nf  je+ljl^+i  J   cos^  |) 

for  m  *  X    ^  0>  a^^cl  where 

&  -  1,        je>o 

-  (-1)  ,       X  <  0  . 

Using  the  above  in  conjunction  with  Theorem  2  one  can  state  the  fall  addition 
theorem. 

Theorem  5»  Under  a  rotation  of  coordinates  (9)  the  followjag  state- 
ment holds: 
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n^cp)  -  z  ^(n,in,s)  i  g„  s5;^'^^(f )  I: 


i'^i'^'Lc^uDiT 


n^in 


^=-n 


j^lj^l   (J-n*Ul)l  (;3+n+U|+l)l 


6.     The  infinite  a  Ijnal  transformations 

It  is  possible  to  restate  the  addition  theorems  for  infinitesimal 
transfoimations.     The  theoi"em  for  a  translation  along  the  z-axis  can  be 
rewritten  from  Theorem  3s 


where 
o 


a)  -  a"^/2    ^P^  (|  -  k;  Ij  2)  . 


For  small  values  of  t,   namely  d?  ,  it  follows  that 


%3"'nr  2^^o     l^--f-)    ' 


n>  J 


0, 


and  that 


(10)       T(dg^)  -  I  +  iJcd^o 


n<5 


where  I  is  the  identity  matrix. 
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Theorem  ?"  ;     Consider  an  infinitesimal  translation  along  the  z-axis 
such  that 

X'    -  X, 

y'  •  y* 


z«  -  »  -  dC^. 

Then 

V»^(P)  -  T(d4o)  V^'CP'),  li  /  -1,  -2,  ..., 

where  T(de  )  is  given  by  (10)  and  v'^CP)  ia  as  defined  in  Theorem  3  . 

Similarly  one     can  find  the  addition  theorem  for  translations  in  the 

x-direction  from  expression  (8): 


V^.*)     -    i^n    W        *"^  Vn  (^''*'  • 


For  a  differential  translation  d5  this  expression  reduces  to 
G^(P,t)  -  G^(p',t)  .g|  ft  G^,i(P',t)  -G^.i(P',t)] 


from  which  it  is  possible  to  state 

Theorem  U  t    For  an  infinitesimal  translation  of  coordinates  given  by 

X  »  x'  -  d6 

y  -  y' 

a  "  z» 
the  following  holds: 


(f 


H-1     ,       n-1    ^^i+l     t 


Ai;(p)-ns(p")-..aa|g^r\  c^vz^a. 


J 


'  ^      ti  /  0,-1,-2,   ,., 


For  negative  integral  values  of  \i  one  can  use  limit  processes. 
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To  derive  the  analogous  theorem  for  a  rotation  of  coordinates  it  is 
first  iMcessary  to  derive  the  addition  theorem  for  the  spherical  harmonics. 
This  can  be  done  conveniently  by  starting  with  the  following  definition  of 


the  spherical  harmonics 

vn-m 

r 


(11)  B^  {B^z  iJ)^)   i  -  ^•^"^1^""°'^^  ^   (cos  e)  e*  ^  , 


where 


h 

d 
dz 

\ 

■k 

s 

d 

"  dy  • 

Under  the  rotation 

x'  ■  z  sin  Y  +  X  cos  T 

7'  -  7 

z'  ■  z  cos  T  -  sin  T 

these  differential  operators  are  also  transformed: 


t         I 

D,  -  D^  cos  I  +  Dg  sin  T 


Let 


1            t 

Dg  --D^  sin  I  +  Dg  cos  T 

Dj  .  d;  . 

"a- 

-  ji,  -  a,    Dj  ♦  iDj  -  5  . 
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Then  it  follows  that 


(12)  dJ"°Q"  -  Dj^cos  T  +  I  3in  I(Q  +  ^  )J   l-D^sin  T  +  ^  cos  l(Q  +  ^  )+  fQ  -^  'j   . 


The  existence  of  the  operational  equivalence 

follows  from 

(D^  +  Q  ^)i  -  ^  i  -  0  . 


If  Y  is  taken  to  be  a  differential  angle  dY  in  (12)  then  one  obtains  from  (11) 

-^  P^  (cos  e)  -  e-^  V  (cos  &')  -  f  fe-^('"*^^V*^(cos  »•) 
n  n  ^  L         n 

-  (n+m)(nHU+l)  e-^^"^"^^!^  V"^  (cos  &')]  . 
Equation  (2)  written  in  the  foim 


e 
(13) 


00  4_n<     oF-i  (m-n,m+n:*ljm+l5  yrr  } 

combined  with  (13)  yields 

G  (P,t)  -  G  (P',t)  -  S    Z    i^(2n+l)j  {kr)I^*^(cos  q' )^-^(^^^' 
mm  ^      4~^  n  n 

n"m 

2^l("'"°»"'*'^*^»°*-'-»  I+t^ 
ml   (1+t)'^ 

(Ut) 


.  «  j;    i°''"(2n*l)jJkr)f^-^(co3  9')e-^^"'-^)^ 


(n+m)(n-m+l)2Fj^^-n,ra+n+ljm+lj  rrrj 
mi  (l+t)"* 
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In  order  to  be  able  to  rewrite  the  above  as  generating  functions  one  can  make 

r2i 

use  of  the  differentiation  formulas '-  -* 


z"''*"-^(l-z)°^*-'-2F^(m-n+l,in+n+2jm+25z)   -  (m+l)z"(l-z)®2F^(m-n,m+n+l}m+ljz), 


d  \_m+lf^   _\m+l 
3S 


^  LF^(m-n-l,in+njm}z)]  -  -(^^^"-^^1)  2F^(in-n,m+n+ljm+ljz)  . 


Using  these  in  (lit)  one  obtains 


a„(P..,    .   o,(P'.t,.MS  |(-p  I,  [(^) -\„,,(.-,„] 


-  (1**)'^  h  [(l**)""^-!^'.*'] 


from  which  one  derives 


G  (P,t)  -  GJP',t)  +  ^ 


(m.l)G^^^(P  ,t)  *  t(in)  ^  G^^^  (P  ,t) 
.(m-l)G^_^(p',t)  -  (l*t)4G^_^(p',t)]  . 


One  can  now  state 


Theorem  $   :  Under  the  infinitesimal  rotation 

x'  "  X  +  zdT 

y»  -  y 

z'  ■  z  -  xdT 
one  has  the  fonnula 

ny)   -  -Qn^^')  *  -?  [ir^-l*n)Ql*\?  )  -  (n.i)n^i(p') 


(m+n-l)n;"^(P') 


*  ( 


n.l)ll-i-(p')J. 
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